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Abstract 

^ ' A discussion is given of the conformal Einstein field equations coupled with matter whose 

energy-momentum tensor is trace-free. These resulting equations are expressed in terms of 
J-H ' a generic Weyl connection. The article shows how in the presence of matter it is possible 

to construct a conformal gauge which allows to know a prion the location of the conformal 
boundary. In vacuum this gauge reduces to the so-called conformal Gaussian gauge. These 
ideas are applied to obtain: (i) a new proof of the stability of Einstein-Maxwell de Sitter- 
^ , like spacetimes; (ii) a proof of the semi-global stability of purely radiative Einstein-Maxwell 

0^ ' spacetimes. 

G^ ■ 

' Keywords: Conformal structure; Einstein Maxwell spacetimes. 

^ ; 1 Introduction 

The Einstein conformal field equations are a powerful tool to prove statements concerning the 
stability of vacuum spacetimes — see e.g. [5]. These methods have been extended to deal with 
the case of the gravitational field coupled to the Maxwell and Yang- Mills fields U . In ^ a more 
general version of the vacuum conformal field equations has been developed. These extended 
^ ' conformal field equations are written in terms of a Weyl connection. The extra gauge freedom 

. - -' incorporated in this representation of the equations allows the construction of gauge systems based 

on conformal structures of the spacetime. As it so often happens in this type of considerations, 
a judicious gauge choice based on geometrical considerations can greatly simplify the analysis in 
question. An example of the gauge choices that can be employed are the conformal Gaussian 
gauge systems introduced in [5] — see as well [TUl [TT] . The extended conformal field equations 
in conjunction with conformal Gaussian systems have been used, among other things; to provide 
an existence proof of anti-dc Sitter spacetimes 8^ ; to construct a representation of spatial infinity 
allowing for a regular finite initial value problem at spatial infinity [S]; to provide a new proof of 
the global stability of the de Sitter spacetime and the semi-global stability of Minkowski spacetime 
[16) : and to provide a semi-global stability result of purely radiative vacuum spacetimes [17| . 

The common feature in the applications described in the previous paragraph is that one is, 
ultimately, concerned with solutions to the vacuum Einstein field equations (with or without 
a cosmological constant). A key feature of conformal Gaussian systems in vacuum spacetimes 
is that the conformal geodesies upon which they are constructed render a canonical conformal 
factor which provides a priori knowledge about the location of the conformal boundary of the 
spacetime. This property is, however, lost if one considers conformal geodesies on non-vacuum 
spacetimes. In this article we show it is possible to get around this difficulty if one considers a 
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more general class of conformal curves to construct gauge systems. As in the case of conformal 
geodesies in vacuum spacetimes, the conformal curves provide again a canonical conformal factor 
which is known prior to evolution. 

As an application of the ideas described in the previous paragraph, in this article we will 
consider initial value problems for spacetimes (A^j^^j/) with cosmological constant A satisfying 
the Einstein-Maxwell field equations 

Rfj^v - ^Qt^i'R = -^9f^iy + Tf^i^, (la) 

f^. = F^xF\ - Ig^^FxpF^P (lb) 

V'^F^, = 0, V[^F,A] = 0, (Ic) 

where V denotes the Levi-Civita connection of the metric g^^,, Rf^^, R are the associated Ricci 
tensor and Ricci scalar, and F^^, denotes the Maxwell tensor — the conventions for the geometric 
quantities used above, will be set out in detail in Section [21 The discussion of the solutions to 
equations (|la p -(|lb p will be carried out in terms of a conformally rescaled, unphysical metric g^jy 
related to the physical metric g^jy according to 

ff^!^ = 0^3^!^- (2) 

The gauge systems based on the new class of conformal curves are used to provide a new 
(simpler) proof of the existence and stability of Einstein-Maxwell de Sitter-like spacetimes. We 
also provide a stability proof of purely radiative Einstein-Maxwell spacetimes. These particular 
applications lead us to consider the extended Einstein conformal field equations with matter. To 
the best of our knowledge, this is the first time these equations are considered. As a simplify- 
ing technical assumption, our general considerations will be restricted to matter models with a 
trace-free stress-energy tensor — a property satisfied by the electromagnetic field. Although the 
particular examples to be considered are only concerned with the Einstein-Maxwell equations, 
most of our discussion can be adapted to trace-free perfect fiuids (sometimes also called conformal 
fluids) — this will be discussed in future work. 

Outline of the article 

We start by summarising our conventions and the basic ideas behind the notion of conformal 
rescaling in Section [5] The conventions follow closely those used in references [TCI HZ] . Section [3] 
presents a brief review of the notion of Weyl connection and the transformation formulae for the 
connection and the Schouten tensor. Section 2] gives the formulation of the extended conformal 
field equations with matter in both a frame and a spinorial formalism. Section [S] introduces the 
concept of conformal curves and the associated generalised conformal Gaussian systems. These 
gauge systems are instrumental in our subsequent analysis as combined with the extended con- 
formal field equations, they render hyperbolic reductions for which the location of the conformal 
boundary is know a priori. Section [5] provides a discussion of the procedure of hyperbolic re- 
duction for the geometric part of the extended conformal field equations in generalised Gaussian 
systems. Section [7] is concerned with the matter part of the field equations, which in the case un- 
der consideration is given by the Maxwell field. Section|8]summarises the key structural properties 
of the evolution equations implied by the conformal field equations with a view to applications 
involving existence and stability results. Section [5] discusses the so-called propagation of the 
constraints. Section [TU] is concerned with the first application of the methods developed in the 
article: a new proof of the stability of Einstein-Maxwell spacetimes which have a global structure 
similar to that of the de Sitter spacetime. Finally, Section [11] provides a second application: a 
stability result for Einstein-Maxwell radiative spacetimes. This result generalises the analysis for 
the purely vacuum case carried out in [17] . 
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2 Basics and conventions 



2.1 The curvature of the physical spacetime manifold 

Throughout this article we work with a spacetime {A4,g^^), where g^^, {p,i^ = 0jli2,3) is a 
Lorentzian metric with signature (+,—,—,—). We will denote by V the Levi-Civita connection 
of g^i, — that is, the unique torsion- free connection that preserves the metric g^^. As in the 
introduction, let R^j^^Xp^ R^iv and R denote, respectively, the Riemann curvature tensor, the Ricci 
tensor and the Ricci scalar of the Levi-Civita connection V. The conventions for the curvature 
used in this article are such that 

i?''.Apr = (VaVp - VpVa) e^ Rt.. = R".o.^, R^R^.^"- (3) 

For the Riemann tensor one has the decomposition 

i?^Ap = C^Ap + 2 (^^[Ai'p]. " g.lxPplar"") , (4) 

where C^^xp denotes the conformal Weyl tensor of g^^, while the trace parts are given in terms 
of the Schouten tensor defined by 

In terms of an arbitrary stress-energy tensor J),^, it is given by 

Ppiy = \Ppv — \Tpag'"^ cjpi, + Xgpjy, A = ^A. (5) 

2.2 Conformal rescalings 

Let gp_i, and g^ii^ be two Lorentzian metrics which are conformally related according to equation 
Let [g] denote the conformal class of cif^^. Two invariants of the conformal class are the 
tensor 

Sp.^'' = S^^S,P + S,^SpP-Tjp,7^^''. (6) 
and the conformal Weyl tensor 

uXp — uXp- 

The Levi-Civita covariant derivative of the metric g^u will be denoted by V. In the sequel, it 
will be convenient to consider a frame e^, fc = 0, 1, 2, 3 which is orthonormal with respect to the 
metric g^u. That is, 

g{ei,ej) = riij. (7) 

In what follows frame components are always taken with respect to the frame Cfc. In particular, 
Vi , Vi will denote the covariant derivatives in the direction of . Let 

Furthermore, let F^^fc, Ti^ k denote the connection coefficients of V, V with respect to the frame 
ei. One has that 

An analogous decomposition to that of equation (j4]) holds for the Riemann tensor Rp^Xp- 

3 Weyl connections 

In this article, we will also consider connections V (not necessarily Levi-Civita) which respect the 
conformal structure of the conformal class [5], in the sense that 

VAffpi/ = -2bxgpv, ^xgpv = -2fxgpv, (8) 
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for some l-forms 6^ and One has that 

We shall write the above equations as 

V-V = 5(6), V-V-5(/). 
The fact that g^^, and g^^i, are assumed to be conformally related implies 

bp^Tf, + fp. 

The Riemann and Ricci tensors of the Weyl connection V are defined in an analogous way to 
dni) and will be denoted by R^^\p and R^i, respectively. The analogue of the decomposition 
is given by 

where the Schouten tensor of V, denoted by Pp,^,, is given by 

Ppv = 2 {j^p.!^ ~ 2^[mH ~ Q9pi^Pp>^9^ ^ • 

Alternatively, the latter decompositions could have been written using the physical metric g^^. 

Transformation rules between the curvature tensors of the Weyl connection V and the Levi- 
Civita connections V, V can be found in [10]. Important for the subsequent discussion is the 
transformation rule for the Schouten tensor. This is given by 

Ppu - Pp. - V^fe, - h,S^f%bx (10a) 
^Wpb, + ^S^/\bx. (10b) 

A similar expression holds between the tensors Ppi, and Ppi, by replacing bp with fp, namely: 

Ppi' ^ Ppv = ^ pfv — ^Spu^ fpf\ (ll^-) 
- ^pU + kSp/'fpfx- (lib) 

Finally, we introduce the Cotton- York tensor associated to the connection V 

Yp^x = VpP^x ~ y^PpX 

The physical Cotton- York tensor can be expressed in terms of Tpi, and Tp^g^''^ 

YpuX = y pPyX - ^vPpX = ^[pTu]x - \9x[v^ p]T 

Remark. It should be noted that above the definitions and decompositions are invariant under 
conformal rescaling. Nevertheless, when raising indices or applying contractions we have explic- 
itly written out the metric to avoid ambiguity. In the sequel, a frame formalism will be used 
throughout. This choice will remove the ambiguity as the frame metric will always be rjij. Con- 
sistent with equation ([7]) the metric gpn and its inverse will be used throughout for raising and 
lowering tensorial indices. 
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4 The extended conformal field equations with matter 

The idea of vacuum conformal Einstein field equations expressed in terms of the Levi-Civita 
connection V of a conformally rescaled metric 17^1, and associated objects was originahy introduced 
in [31 [21 15 . The generahsation of these conformal equations to physical spacetimes containing 
matter was discussed in [7j . More recently, a more general type of vacuum conformal equations 
— the extended conformal Einstein field equations — expressed in terms of a Weyl connection V 
has been introduced — see [8l. In this section we discuss how these extended conformal field 
equations can be modified to discuss spacetimes with matter. 

4.1 Frame formulation 

As in the previous section, let Ck denote a frame which orthogonal with respect to the metric gfj^i, 
so that equation ([7]) holds. In order to discuss the extended conformal Einstein field equations, 
it will be convenient to depart slightly from the point of view taken in the previous section and 
regard, for the moment, the connection V only as a metric connection with respect to g^,/ — i.e. 
^ xQfj.f — 0. Under this assumption, the connection V could have torsion, and thus it would not 
be a Levi-Civita connection. The connection coefficients Ti'^j of V with respect to the frame Ck 
are defined by the relation 

As a consequence of having a metric connection the connection coefficients satisfy 

r.,^-77fci + r,^%j = 0. 

The torsion I^i'^j of the connection V is defined by 

' j^k — (r? j i) ^k- 

If Si'^j = so that the connection V is the unique Levi-Civita connection of g^i^, the connection 
coefficients acquire the additional symmetry 

Now, given the connection coefficients of a metric connection as above and a 1-form 
one can define a further connection Ti'^j using the relation 

f*', =r,^ + %*'Vi, (12) 

— cfr. (|9bp. Let denote the torsion of the connection V. It follows directly that 

T.i'^j ~ Si'^j. (13) 

so that V will not be a Weyl connection unless S^'^'j = 0. 

In our subsequent discussion it will be convenient to distinguish between the geometric curva- 
ture f^uj — i.e. the expression of the curvature related to the connection coefficients Ti^ k — and 
the algebraic curvature R^uj — i.e. the decomposition of the curvature in terms of irreducible 
components. One has that 

r = I i J ; I — Cj I i j ; I — i „j ; I i j j ~ i j i ) + i i j l~ j ni i i ' ^« j^m I, 

For ease of the subsequent discussion we introduce the following zero quantities: 



E/,e, = (f^- - f/^) ei - [e„ e,], (15a) 

= f^,, - R'^uj (15b) 

A,j = V,/, - V,/, - P,, + (15c) 

ku, = V,P,i - VjPa - bkC\,j - Y,ji (15d) 

A;,^- = VkC\^■J - bkC'Hj - Y^ji. (15e) 
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The interpretation of the zero quantities (jl5a|) - (|15e|) is as foUows: the zero quantity given 
by (|15a|) measures the torsion of the connection V; that of (jl5b|) relates the expression of the 
curvature of V with its decomposition in terms of irreducible components; equation (|15cp is 
contraction of (jl5bp over the first two indices. It is included here for later convenience. Equations 
(jl5dp and (|15ep measure the deviation from the fulfilment of the Bianchi identity. 

The extended conformal Einstein field equations with matter are then given by 

E.^efc = 0, E'^uj = 0, = 0, A.y = 0. (16) 

These equations yield differential conditions for the frame coefficients e^, the spin coefficients Ti^ k, 
the components of the 1-form fi, the components of the Schouten tensor P^ , and the Weyl tensor 
C^iij, respectively. The latter need to be complemented with the energy-momentum conservation 
equation 

^% = 0, 

whose particular details will depend on the matter model under consideration. 

Note that in equations ([T5| , the 1-form bk relating V and V remains unspecified. In the sequel 
it will be convenient to introduce the variables 

d^,, =e-iC^,,, (17a) 

= 96, = v,e + e/,. (17b) 

In terms of the latter, the last two conformal field equations then read: 

= V.Pji ~ ijjPa - dkd'^u.j - Y,ji ^ 0, (18a) 

e-^A;,^. = A,,, = Vfcd^,, - e-ify, - Ad^,, = o. (isb) 

As in the case of 6^, the newly introduced function and the 1-form d^ remain unspecified at 
this stage. They will latter be fixed by the choice of a suitable conformal gauge. 

Remark 1. If the extended conformal field equations (IT5|) are satisfied then the frame can be 
used to construct a metric g^j^i, via the relation ([T]). The connection coefficients Fi^ fc give rise to a 
torsion- free connection, so that the connection ^ given by (fT2|) is the Levi-Civita connection of 
g^iv Consequently, Fi-'fe defines a Weyl connection with conformal Weyl tensor given by C^uj and 
Schouten tensor P^^ . Showing that the solution so obtained implies a solution to the Einstein field 
equations requires bringing into consideration gauge conditions. This will be discussed together 
with the propagation of the constraints in section |9l 

Remark 2. As a consequence of the transformation rules for the Schouten tensor (|10ap - (jlObp and 
pTa|) - (fTTb)) . the zero quantities (|15ap - (|15ep involved in the extended conformal field equations 
(|16p transform covariantly (i.e. homogeneously) under a change in the conformal gauge. Thus, if 
they are satisfied in one gauge, then they are satisfied in all gauges. 

4.2 Spinorial formulation 

In the sequel we will make use of a spinorial version of the extended conformal field equations 
(|16p . The use of this type of representation leads to simplifications, in particular, when obtaining 
a reduced system of propagation equations. However, we will switch to a frame representation 
whenever it is more convenient for the discussion. 

The connection between the components of a tensor with respect to an orthonormal basis 
and its spinorial counterpart is realised by the constant Infeld-van der Waerden symbols. In 
particular, let caa', ^ aa' , Aaa' denote, respectively, the spinorial counterparts of e^, Vj, dj. 
Furthermore, let Y aa'^^ cc, Faa'^^ cc denote, respectively, the spinorial counterpart of the 
connection coefficients F^-^fc, Ti^k- As the connection defined by Ti^k is assumed to be metric, it 
follows that one can write 

BB' T^A^B',-F.B'^B-r r 

^ AA' cc — ^ BB' C^C + i A'A C'^C 7 AA' BC = ^ AA' (BC)- 
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The symmetry condition on the last pair of indices of the spin connection coefficient encodes the 
assumption of having a metric connection. For the spin Weyl connection coefficients one has 

BB' B ^ s' I f. B' ^ B 

AA' CC = ^ AA' C^C +^A'A C'^C , 

with 

i^AA'^C — ^AA'^C + ^A^ fcA', t^AA'CB = i^AA'iCB)- 

Let BB'CC'DD' denote the spinorial counterpart of the geometric curvature r'^nj- For 
future use we note the Ricci identity: 

f \7 T7 \7 \7 \ AA' --AA' BB' ^ EE' AA' /1n^ 

I VcC VdD' - VdD' VCC I BB'CC'DD'f^ - 2^CC' DD'^ EE' , (19) 

vahd for any spinor and where Ticc^^ dd' is the spinorial counterpart of the torsion. In 

our conventions, the geometric and algebraic curvature tensor of a general Weyl connection satisfy 

fklij = f[kl\i] + '^Vkl^lifj], 
Rklij — R[kl]i'j — '^VklPlij]- 

Their spinorial counterpart can be decomposed as 

^AA' BB'CC'DD' = ^A'B'fABCC'DD' + ^AB^ A' B'CC DD' , 
RaA'BB'CC'DD' — ^A'B'RaBCC'DD' + ^AbRa'B'CC'DD' 

where 

1 

fABCC'DD' = f(^AB)CC'DD' + -^^ABi^CC'fDD' ~ ^ DD' fcc), 
RaBCC'DD' — R(AB)CC'DD' — -^^Ab{PcC' DD' — PdD'CC')- 

In terms of the reduced spin coefficients Taa'BC one writes the geometric curvature (assuming 
that the torsion vanishes) as 

t'-'dAA'BB' = CAA' (J'bB''^'d^ - C^BB' (j' AA''^' D^ ~ ^ AA'^ B^ FB''^' D + ^ B B'^ A^ FA''^ D 

"P F' I ' C I "p "p C \ G"p F \ C"p F 

-l-AA' B'i^BF' D + ^ BB' A'^AF' D + AA' F^ BB' D ~ BB' F^ AA' D- 

4.2.1 The uncontracted spinorial conformal field equations 

The spinorial version of the zero quantities (|15ap - (|15ep is given by 



'SaA'^^ BB'epp' = [CAA'^SBB'] — ^AA''^B^CB' ~ AA' B'^BC 

c - c 

+'^BB' A^CA'+^BB' A'^AC, (20a) 

'^ABCC'DD' = fABCC'DD' — RaBCC'DD' , (20b) 
^CC'AA'BB' = AA'PbB'CC - BB'PaA'CC 

-d^^ dpp'AA'BB'CC - YaA'BB'CC, (20c) 

^CC'AA'BB' = V^'^ dpp'CC'AA'BB' — f^^ dpP' CC AA' BB' — © ^YaA'BB'CC (20d) 

In terms of these spinorial zero quantities, the extended conformal field equations are given by 

^AA'^^ BB'SPP' — 0, ^ABCC'DD' = 0, ^AA'BB'CC — 0, ^AA'BB'CC = 0. (21) 
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4.2.2 The contracted spinorial conformal field equations 

Equations (I20ap - (|20cp are antisymmetric upon interchange of a pair of indices. This structural 
property will be used to obtain a contracted version of the equations which will be systematically 
used in the sequel. The associated zero quantities are given by 

iS(^IQI^^'B)^epp, = V(^|Q,|eB)^' - f (^|Q,|^B)ep«' - Pq^^a'"'^' eB)P' , (22a) 
\'^(ab)cq'd'^ = 5 {tabcq'd^ - Rabcq'd^ ^ , (22b) 

\^CC'(A\Q'\B)^' = ^(A\Q'\PBf + dPc^ABCQ " YabCC , (22c) 

and their complex conjugate versions. Above the symmetries of the spinorial counterparts of dkuj 
and Yijk have been exploited by writing 

dAA'BB'CC'DD' = 4'ABCD^A'B'^C'D' + (jyA' B'C" D'^AB^CD , 
YaA'BB'CC = YabCC'^A'B' + Y a'B'C'C^AB, 

with 

4>ABCD ~ (t>{ABCD)i YabCC = Y(ABC)C' ■ 

Using the latter formulae equation (j20dp reduces to its more usual form: 

Aa'ABC = '^^ A'(t>ABCQ — A'(t>ABCQ — © ^YabCA'- 

The extended conformal field equations can be expressed in terms of these contracted zero 
quantities as: 

^{A\Q\^^ B)^epp> =0, ^(AB)CQ'd'^ =0, AcC'(yl|Q'|B)*^ , ^A'ABC = 0- (23) 

It is important to remark that the contracted equations ([^^ are fully equivalent to (|2ip . 

5 Conformal curves and generalised conformal Gaussian 
gauge systems 

The advantage of considering extended conformal equations in terms of Weyl connections is that 
they allow to consider gauge systems based on conformally invariant objects. An example of these 
gauge systems are the conformal Gaussian systems introduced in |H1 . These gauge systems are 
based on conformal geodesies. Conformal Gaussian systems are of great utility in the discussion 
of evolution problems for the conformal field equations as they provide a canonical conformal 
factor as well as structural simplifications in the form of the evolution equations. 

It was shown in [51 lllj that for vacuum spacetimes the conformal factor is quadratic in the 
conformal time and can be read of from the initial data of the evolution system. Accordingly, 
the location of the conformal boundary is know a priori. This predetermined character of the 
conformal factor hinges crucially on the fact that the physical spacetime is vacuum. In the sequel 
we show that the conformal geodesic equations in the presence of matter can be modified in such 
a way that one has again a conformal factor known a priori. 

5.1 A class of conformal curves 

Let / G M be an open interval. We will consider a class of conformal curves, x'^ (r) , whose tangent 
vector u'' = is coupled to a 1-form via the equations 

W^yP + v^v-S^J^bx^O, (24a) 

V,6, - Iv^'S^fhpbx = H^^v^. (24b) 
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where H^i^ transforms under V = V + S'(T) as 

ff^. - H^, = V^T. - i^^/^TpT, = V^T. + i^^/^TpT;,. (25) 
Equations (j24ap - (j24bp will be supplemented with a frame propagation equation via 

V„e^+«^e;;5^/^6A = (26) 

In a slight abuse of terminology, we will call a triple (w'^, bi,, ej!) solving equations (|24al) - (j24bl) and 
(|26p a conformal curve, since these curves exhibit the conformally invariant behaviour described 
in the following lemma. 

Lemma 1. Let (x^(t), 6t^(T), e^(T)) be a conformal curve. Then {x'^{t), {b^ — /iy)(T), e^'(T)) 
satisfies (|24ap . (j24bl) and (|26p expressed in the connection's/ = V + S'(/i). In particular, in terms 
of the Weyl connection given &?/ V = V + S{b) the conformal curve equations take the form 

i/yV^^O, iJ^,w^ = 0, V.e^=0. (27) 

Moreover, conformal curves are preserved as point sets under reparametrisations of t by fractional 
linear transformations. 

Remark. Comparing (|10ap - (lllbp and ([25]) we can see that 

— P — H 



Thus, HniyV^^ = implies 



— P — ff 



A vector frame satisfying ([26|) is called Weyl propagated. It is noted that the velocity can be 
chosen as one of the frame vectors due to (|24ap . Suppose along a conformal curve we define 

Then 8(t) satisfies 

e = e{b,v) (28) 
Letting 5^1, be given as in ([2]), one finds that g(v, v) = 1. In fact, for a frame the frame metric 

Vjk = g(ej,efc) 

is constant along the curve. Hence a g-orthonormal frame evolves into a g-orthonormal frame 
along the curve. Following an analogous discussion for conformal geodesies given in [11] one 
differentiates ([28]) twice along the curves and substitutes ([24a| and (j24bp to obtain 



e = 



(VyiHiv, v)) + H{v, byg{v, v) + (6, v)H{v, v)) 8. (29) 



Note that for H^^ = Ag^jy the right hand side vanishes exactly. Thus, the following result holds: 



Lemma 2. Suppose that (u''(t), bi^ir), Ckir)) is a solution to the conformal curve equations ()24ap . 
(j24bp and \2Q\ with respect to the metric g^^ such that xir) is a timelike curve in M. defined on 
some open interval I. If g^v satisfies the Einstein equations with matter then: 

i) ^ ^ 
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ii) the conformal factor Q is given for t £ I by 



e = e, + e,(r-n) + e,(T-T*)2, (30) 

where a quantity with a subscript * is constant along x(r). 

For vacuum spacetimes one has J^i/ = and one recovers known results for conformal geodesies 
— see e.g. |8l[Tl]. In the presence of matter the conformal curves curves given by equations (|24aP - 
(j24bp are no longer conformal geodesies. However, our choice of TJ^ii/ gives the same behaviour for 
the canonical conformal factor as in the vacuum case. We will also require the following result: 

Lemma 3. Suppose that (w^(t), b^{T), ei^{T)) is a conformal curve as in Lemma\^ Let g^^ satisfy 
the Einstein field equations with matter and i?^^ = Ag^j/ . If — Cq at t = tq Cz I , then 

bu{T)=b^el = Q-^ (e,d„,) 

for T G I, where da* — Qba{TQ), for a = 1, 2, 3. 

The proof of this result is a calculation analogous to the one described in the proof of Lemma 3.2 
ini 

5.2 Jacobi fields for conformal curves 

Suppose we are given a congruence of conformal curves with velocity v. The separation vector 
rj satisfies [^,77] = along each conformal curve and will be referred to as a Jacobi field. Recall 
that Weyl connections are torsion-free, so that [v, 77] — V^r; + \7r]V = 0. Thus we get an evolution 
equation for rj 

When the Jacobi field becomes tangent to the curve at a point p we say that p is a conjugate 
point. These points are of interest to us for the following reason. If we create Gaussian coordinate 
system by dragging spatial coordinates along the congruence beyond a conjugate point then these 
are ill-defined. For this reason we measure [77 — g{v, ri)v\'^ = {r]°'''ria'i]b) with a,b — 1, 2, 3. As long 
as this quantity does not vanish our coordinate system will be well-defined. 

5.3 Generalised conformal Gaussian systems 

In analogy to the way conformal geodesies have been used in [HI El [TBI Hi] i to construct conformal 
Gaussian gauge systems, here we will use the conformal curves solving equations p4a|) - (|24b[) and 
(|26p to construct what we will call generalised conformal Gaussian systems. 

Let iS be a space-like hypersurface in the spacetime (A^,^^^). On S we choose an initial 
conformal factor 0, > 0, a frame field e^*, and a 1-form b* such that 

0*5(e«,ej,) = 77.y, (31) 

and Co* is orthogonal to S. For fixed H^^, and given a;* S 5 there exists a unique conformal curve 
(x''(t), 61, (t)), which for t = passes through and which satisfies the initial conditions 

i'" = e^., K = b,,. (32) 

If all data are smooth, then in some neighbourhood U d S these curves define a smooth caustic 
free congruence covering U. Furthermore, b^, defines a smooth 1-form on U which allows to 
construct a Weyl connection V. A smooth frame field and the related conformal factor 8 are 
obtained in U by solving the propagation equations ([26]) and ([28)) for given initial data 

< = e = e, (33) 
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on S. Then Cg (r) = i^(r) on U and we define 

= i/,v' = f ,^"o. 

The frame one obtains from solving the propagation equation is orthonormal for the metric 
— Q^gfii^, while To^k — 0. Dragging along local coordinates x"' on S with the congruence 
and setting — r, one obtains a coordinate system. A coordinate system, a frame field and a 
conformal factor constructed with the above procedure will be known as a generalised conformal 
Gaussian system. 

We will follow the setup used in |16l [17], where we use a global frame field (s = 0, 1, 2, 3) 
constructed from the coordinate vectors in such a way that cq = dr and Cr {r = 1,2,3) is a 
constant linear combination of the spatial coordinate vectors. The frame ek then is written in 
terms of its expansion ek — ef The same is done for the spinorial version. 

Remark. Above we have set up a generalised conformal Gaussian system in the physical space- 
time {Ai,g^,j). However, due to the conformal invariance of conformal curves proven in Lemm£[T] 
the same gauge can also be constructed starting from an spacelike hypersurface 5 in a confor- 
mally related spacetime {M.,g^u) such that 5 C 5, C 5. The initial data will be related in 
the obvious way, with 0» and 6, changing accordingly while the frame remain the same. We will 
make us of this fact later on when constructing a generalised conformal Gaussian system from 
hyperboloidal data given on S in the unphysical spacetime (jM, 5^^). 

Due to Lemma[T]a generalised conformal Gaussian system is characterised on lA by the explicit 
conditions 

V'^^dr, fo^fc^O, Pofc^Jofc. (34) 

Setting 

one has, by virtue of Lemma[2l that the solution of the evolution of the conformal factor is known 
a priori. In the sequel we will only consider trace-free matter (the Maxwell field) . Consequently, 

7 — V'' 7 — n 

The latter implies V^'J^u = if one defines J^^ = Q^^J^v. 



6 Hyperbolic reductions of the conformal field equations 

In this section we discuss how to extract a symmetric hyperbolic system of propagation equations. 
For this, we resort to a space-spinor formalism — see e.g. [21] — based on the spinorial counterpart, 
, of a timelike vector in the conformally rescaled spacetime {M^g^^). More precisely, the 
vector will be taken to be parallel to the tangent vector v^^ to the conformal curves described 
in Section [5l The normalisation condition r^r^ = 2 will be used. 

The reduced symmetric hyperbolic system of evolution equations is to be deduced from the 
following contractions of the conformal field equations 

T^^ f.AA'^^ BE'Cpp' — t'^''^ EabCC'DD' = 0, T^^ AaA' BB'CC = 0, (35) 

together with 

TiA^' ^\A'\B)CD = 0. (36) 

6.1 The space spinor formalism in brief 

In what follows, we will consider spin dyads {5a} for which the spinor r'^'^ admits the decom- 
position 

AA' ^ A^ A' ,^ A^ A' 



11 



In particular, one has that 

TAA'T^^' = e^^. (37) 

Using the spinor , the gauge conditions can be rewritten as 

T^^' CAA' ^ V^dr, T^^'f^A'^'c =0, T^^' PaA'BB' = Jbb'. (38) 

where Jbb' denotes the spinorial counterpart of JijT^ . 

The spinor can also be used to obtain an unprimed version of the spinorial Weyl con- 

nection covariant derivative Vaa'- More precisely, one has that: 

VV A' T-7 

y AB = Tb V aA'- 

The latter, in turn, can be decomposed in its irreducible parts: 

VaB ^ ^eABV +t>AB, (39) 

where 

'P = t"^^Vaa', 'Dab = T(b^ V a)A'- 

The differential operator T^ab is the so-called Sen connection of V relative to the vector field 
^AA' _ 

6.2 Hyperbolic reduction of a first model equation 

The Procedure and subtleties of deriving hyperbolic equations from the extended conformal equa- 
tions (piT) will be illustrated with a model equation. 

Let Miic and Nijjc = -/V[ij]K: be two tensorial quantities, where /C stands for any set of tensor 
or bundle indices, satisfying the equation 

V.MjX - VjM,x - N.jK.. (40) 

Two derive an evolution equation we contract with t' : 

VrMjx - Vj(M,k;t') = N.jK. - M,k:{Vjt') 

from where it follows that 

V2drM,K - V^{M,k.t') = <x = N,,^ + T\tl^Mi^ + tf-^M,c) - Af^c(V,r'). 

Note that in our setup the connection coefficients in the expression vanish due to our gauge 
choice. However, the following analysis is valid without this condition and it should be observed 
that these terms have a polynomial form. We note that Mqx, appears inside the second term. 
However, we can not obtain an evolution equation for AfoK from equation (j6.2l) since setting j = 
in order to get the evolution equation for Mqa: makes both sides reduce trivially to zero due to 
the skew symmetry in ij. Instead, Mqx, must be determined from the symmetries of Mac (if any) 
or if not, then it must be regarded as free data. 

The subsequent discussion of the properties of the model equation (j6.2l) will be carried out in 
the spinor formalism. From the spinorial version of 



V aA'MbB'K — BB' MaA'K — ^AA'BB'K- 

one obtains the contracted versions 

V(a|p'|Mb)^'k = \N[A\P'\Bf' (41a) 

^P{A'Mb')^'k = \Np^A,P' B')K- (41b) 
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In order to change to space spinor components it is observed that one has to contract with 
inside the derivative. One uses that Mbb'k = ^Algpx^T^g, so that 

Tp^'t^^'^aa'Mbb'k -= T-p^^'-^Q^' [-t^b'^aa'Mbrk. - Mbrk^aa't\^ 
— ^apMbqk — Mbrk Xap^q- 
Thus, from (|4Ta|l - (f4Tbl) one obtains 

P \ " P \ ' P Ft, P 

V(A|P|A^B) /c = 2^ {A\P\B) K ^ 2^ {A\P\B) K ~ ^^(A \K\ ^B)PR 

Va(pM^q^I^ = \N ^(p'^Q)^ = \N A(P^Q)K + ^^^RICXa{P^Q)- 

Using the decomposition (15^1) for Vab and writing Mabk.^ 

Mabk = -j^^^Apmic + ruABK- 

one obtains: 

-\Vm(^AB)K + ^'^AB^jc +'Dp{A''nB)^ K. = 5^ {A\P\B)^ 

^'PrrnPQ)ic - ^'i>PQmK: + ■DA{pm'^Q)ic = 5^"a(p'^q)k- 
Making hnear combinations of the latter equations one finally arrives at: 

VruABK - i>ABmK. = -B^^Sk: = \ p{a^ b)k - ^" (a\p\b)^ k) ' (42a) 
^P(Am^B)c = Ci^yc ^ 5 {n"p(a\)k + (a\p\b)'^k) ■ (42b) 

The terms E^abk C^abk introduced on the right hand side are formed from the original term 
Nabjc and connection coefficients. It will be seen that in their explicit form they are polynomial 
in the variables of our system. We will write the original variable, here M, in square brackets and 
the variables E and C are used to indicate whether the term is for the evolution or the constraint 
equation. 

Equation (|42ap is an evolution equation for the spinorial components ttiabk:- In what concerns 
the "timelike" components mjc (i.e Mqk:) one will have two possible situations: 

(i) there exists an external equation that relates rnx; and vtlabk and possibly some other 
variables to each other. Then (|42ap may lead to a symmetric hyperbolic system of equations 
for ruABK- A special case of the above mentioned equation arises when Mabk has a 
symmetry relating the two components; 

(ii) mjt: cannot be reexpressed in terms of the itlabk. in which case the former is regarded as free 
data which has to be specified by means of a gauge choice. This may lead to a transport 
equation for ttiabic- 

On the other hand, (j42bp is a constraint equation for the components niABic which one expects 
to hold at latter times if satisfied initially — the so-called propagation of the constraints. Note 
that, a priori, there are no constraints for m/c- 

6.3 Hyperbolic reduction of a second model equation 

In the discussion of the propagation of the constraints a different type of model equation will be 
considered. In what follows we will briefly discuss its hyperbolic reduction. 

Let Mijic = and N^ijic = N[kii\K denote two tensorial quantities, where again /C stands 

for any set of spinor indices. The model equation to be considered is given by 

V[feM,,]K =iVfc„x. (43) 
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This type of equation is motivated by the observation that if a; is a 2-forni, then its Lie derivative 
with respect to a vector field r** is given by 

where ir<^ denotes the contraction of the 2-forni uj with t^. Now, if i^-uJ = (as it is the case 
with the the zero quantities associated with the extended conformal field equations), one finds 
that 

In what follows, let eijki denote the components with respect to the frame of the volume form 
of the metric gf^^. Now, 

— -if , . . *MrP ^ 

Because of the connection with the Lie derivative, it follows then that 

implies an hyperbolic equation for the tensorial field Mij/c- The relevance of this equations to 
prove the propagation of the constraints depends on whether its right hand side can be casted as 
an homogeneous expression of other zero quantities — see Section 1^1 

6.4 The reduced geometric equations 

Following the discussion of the model equation ()6.2p in the previous section one introduces the 
unprimed spinorial fields e^^, Tabcd and Pabcd defined by 

A' s_ 

^AB = '''A ^BA' ' 

Jab ^ tb^ Jaa', 

^ABCD = i^AB'CD, 

Pabcd = tb"^ tbF Paa'CCi 
Yabcd = Yabcc 

from which the original spacetime spinors e^^, (the spinorial version of e|), Jaa', ^aa'BC: 
PaA'BB', Yabcc can be recovered using the identity ([57]) . Following the discussion from the 



previous section, the conformal equations p0al) - (|20cp can only yield evolution equations for the 
components 

e(AB), f{AB), ^(AB)CD, P{AB)CD- 

Due to the absence of further symmetries in the fields cab. Jab, ^ abcd, Pabcd the components 

eg*^, fq^-, ^q'^cd, Pq^cd-, 



are regarded as freely specifiable, and will be fixed by means of the gauge conditions ([38]) so that 
in particular; 

/q«=0, Fq^cd-O, Pq^cd^Jcd. 
Consequently one obtains evolution equations of the form 

drejAB) = H^AB, (44a) 
drfiAB) = H^Il (44b) 

drt'{AB)CD = H^ABCD' (44c) 

dTP(AB)CD = VabJcd + Yabcd + h1^b)cd- (44d) 
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where H^^g is a quadratic expression involving sfAB) ^^'^ ^{ab)cdj H^a^ contains a quadratic 

. . " [ri 

expression involving /(ab) a-nd T(^jib)cd and a linear term involving P(ab)cd', ^abcd contains 
terms quadratic in T(^ab)cdj a quadratic expression involving and i^abcd and a linear expres- 
sion in P{ab)CD\ finally, H(^ab)cd contains quadratic terms in T(^ab)cd and P{ab)cd and in cIab 
and (pABCD- Their explicit form will not be important for our subsequent discussion. 

As it will be discussed in Section I7.5[ the spinor Yabc d for the case of the Einstein-Maxwell 
system contains derivatives of the Maxwell field. These terms enter in the principal of equation 
(|44d[) . This feature requires us to introduce new field equations — essentially, the covariant 
derivative of the Maxwell spinor. The term VabJcd in equation (j44dp will lead to similar 
problems, for it will be seen that Jcd is quadratic in the Maxwell spinor. 

For the evolution of the Jacobi field we split its space spinor into irreducible components 

TB^ VAB' = ^^ABV + VAB, with 7] = f]A^, rjAB = T(B^ 1]a)B' 

Then we get the evolution equations 

drV - ^TOP^Q^ + r?'^^X(ci5)Q'5, (45a) 
drVAB = ^VXP^AB + v'^"x{cd)ab- (45b) 

6.5 The reduced Bianchi equation 

In order to construct an evolution equation for the Weyl spinor (pABCD we consider the zero 
quantity 

^ABCD ^TA^ '^A'BCDi 

= ^'^ AftiBCDQ " f'^A'pBCDQ - GI^^YbcDA- 

Again, using the decomposition ([39]) one obtains 

^ABCD = -~\'P'j>ABCD + A(f>BCDQ — f'^ A(f>BCDQ — © ^YbcDA- 

Accordingly, 

- 2A^BCD = Vff'ABCD - '2,t>'^i^A(t>BCD)Q + '2f'^(A(f'BCD)Q + SO^^l^ABCn) • (47) 

renders the desired reduced equation. In equation (j47p we notice again the presence of the term 
Y{ABCD) so that the same problem arises as for the reduced equation (j44d| . We will thus treat this 
term in the same way as outline for equation (|44d| , in order to ensure the symmetric hyperbolicity 
of the system. We observe the presence of the potentially singular term 9^^. However, as will be 
seen in the sequel, this term is cancelled out by a a similar term appearing in the explicit form 
of Yabcd- 

Finally, it is noticed that the remaining content of the zero quantity Aabcd is contained in 

Ap^cu = T)''(^cf>PQCD - f'^'jycDPQ - e-ifcu'^p, 
corresponding to the constraints associated to the Bianchi identity (|20dl) . 

7 The spinorial Maxwell equations 

Up to this point our discussion has been completely general and irrespective of the trace-free 
matter models under consideration. In order to proceed further, explicit information about the 
matter model has to be provided — in our case the Maxwell field. 
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7.1 The Maxwell equations in the physical spacetime 

The physical spacetime MaxweU equations Px)) are equivalent to the spinorial equation 

V^^'0AB=O, (48) 

where the antisymmetric Maxwell tensor and the totally symmetric spinor (j)AB are related 
to each other by the correspondence 

Ffii, O FaA'BB' = (IjAB^A'B' + 4>A'B'^ABi 

with ^ 

(i>AB = I^FaQ'B^ ■ 

The energy-momentum tensor (|lb[) is given in spinorial terms by 

TaA'BB' = 4>ab4>A'B', 

with 

^AA fj^^,gg, — 0. 

7.2 The Maxwell equations in the unphysical spacetime 

If upon the conformal rescaling ^ one imposes the transformation rule 

(bAB = e-i0As, (49) 

then one obtains that 

V'3a'(/'sq=0. (50) 
In terms of the Weyl connection V one has that 

V'^A'^BQ = I'^A^BQ. (51) 

For later use we define the space spinor (/i^^ — ta^ tb^ 4>a' B' ■ For more details on the Hermitian 
conjugation map for space spinors, see e.g. [S]. 

With regards to the stress-energy tensor one has that 

Taa'bb' = 4>ab4>A'B' — Q^^Taa'bb' , (52) 

with 

yAA TaA'BB' — 0. 

This last property follows from the trace- freeness property of Taa'BB' in four dimensions [7]. As 
a consequence of this discussion, the following zero quantity is introduced: 

WA'B = y'^A'4'BQ - f'^ A'4>BQ- 

In the sequel it will be seen that in order to obtain a symmetric hyperbolic reduction of 
the conformal Einstein-Maxwell equations, it is necessary to introduce the derivatives of the 
Maxwell field as a variable. For this, one considers for a given gauge choice a spinorial field 
'4'AA'BC = V'AA'(sc) and an associated zero quantity Cjaa'BC- These two quantities are related 

by 

(^AA'BC = ipAA'BC — ''^AA'4'BC- 



and under a connection change (I9b|) the spinorial field ^jaa' bc is adapted as 

IpAA'BC = i'AA'BC " '24'A(B fc)A' ■ (53) 
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The zero quantity ljaa'BC will be handled in the sequel as a constraint. In order to obtain an 
equation for iJjaa'BC we adopt the strategy used in [7] and make use of the Ricci identity — cfr. 
equation — for the Weyl connection V applied to the spinor (pAB- 

^ AA''^ BB'ff^EF — ^ BB''^ AA'tpEF — ~'^4'P{E^^ F)AA' B B' ^ ^AA'^^ BB'"^ PP' 4>EF ■ 

Replacing the derivatives of (pAB by ^I^aa' bc smd assuming that the conformal equations (j2ip are 
satisfied one obtains the required equation: 

^ AA''>pBB'EF — ^ BB'i^AA'EF = —'24>P(eR^F)AA'BB'- (54) 

To the latter we associate the following zero quantity: 

I^AA'BB'EF = ^ AA'i^BB'EF — ^ BB''4'AA'EF + '^4>P(eR^ F)AA' BB' ■ (55) 

Remark. It can be verified from (l49t and ((53)) that the zero quantities (Ii^'s , <^A'Abc^ <^aa'bb'CC' 
transform homogeneously upon changes of conformal gauge. This observation is of relevance for 
the propagation of the constraints. 

7.3 The reduced Maxwell equations 

The reduced equations implied by the Maxwell equations (|50p is handled in a similar way to the 
Bianchi identity (j20dp — one considers the unprimed zero quantity 

A' - 

<^AB = TA ^A'B, 

^y'^A^BQ- f'^A^BQ, 

= -\V^AB + V'^a4>BQ - I'^a4>BQ- 

from where one obtains the propagation equation 

- 2lO(aB) = 'P^^AB - 2'D'^(A^B)Q + V'^{A<t>B)Q = 0, (56) 

and the constraint 

UJqQ = V^'^C^PQ - f'^<f>PQ = 0. 

7.4 The reduced equations for the derivatives of the Maxwell spinor 

The treatment of the equation associated with the zero quantity ujaa'BB'EF follows the model 
discussed in Section [6.21 In particular, one has to consider the contracted zero quantity 

2^iA\Q'\B)^ EF = V(A|Q/|'0B)'5 EE + '^4> P (E F) (A\Q' \B)''^ 

and its complex conjugate. The procedure described in Section then leads to 

'Pi^{AB)CD - 'DABi'P^CD = H^ABCD^ (57) 

where i^ABCD is the space spinor version of iI^aa' bc given by 

IpABCD = Tb^ i'AA'CD- 

The source term H^abcd contains quadratic terms involving 4>abcd and ipABCD, 4>ab and Pabcd 
and and (f>ABCD- Some of parts of the quadratic expression involving <Pab and Pabcd lead 
to terms cubic in i^ab- As in the case of the reduced equations (|44al) - (j44dp . the explicit form of 
the source H^abcd ^^^^ '^'^^ required. 

The reduction procedure described in the previous lines does not provide an evolution equation 
for the components iI'p^cd- To get around this, we write 

'ipABCD = VABCD + \tABVCD (58) 
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where 
Let also 



VABCD = ^{AB)CDi VcD = ifip^CD- 



It follows then that 

"^{ABCD) ^ V^ABCD) i^P^BC)^ ^ Vp^BC)^ + ^^BCi i>PQ^^ = VPQ^'^ = V. 

Now, assuming that 

•^AB = 0, UJAA'BC = 

SO that TpABCD = ^ ab4>cd and the Maxwell equations hold, one finds that 

VABCD = 'Dab4>cd (59a) 

VCD = V(j>CD = -2X'q(c0D)'^ - '^.f^ (C(I>D)Q 

= -2yQ^CD)'^ ~ 2f'^ic<f>D)Q (59b) 
i^AB^"" = Vab^^"". (59c) 

In particular, the relation (|59bp allows us to express the full content of the field ipABCD in terms of 
V{ABCD), VAB and vpq^^ — the term vpf^AB)^ being redundant. Substituting the decomposition 
([58)1 into equation ((57)) one obtains: 



Vvf^ABCD) - 'D{abvcd) = H^(ABCD)^ (^Oa) 

VvQ^BC)"^ - Vq^bVc^Q = H^^l^^Q. (60b) 

Vv-VpQi.PQ =H^^l^PQ. (60c) 
Using equation (j59bp one finds that 

VvQiBC)'^ = -i^J^iSC - ■PfQ^B^c)Q - f^iBVcj^OQ- 

Using equation (|44b[) to replace V fqB by -ff]^ and equation (1551) to express V(j)cQ in terms of 
"tpABCD and a quadratic expression in /ab and </>ab it follows from ([eOb]) that 

ViyBC + 2VQ^BVc)'^ ^H'},"^,, (61) 

where i?^^ contains the terms appearing in as well as a linear combination of the terms 

appearing in -ff^g with terms quadratic in /ab and ipABCD and terms cubic in Jab and ipAB- 

Equations (|60ap , ()60cp together with (|61]) constitute a symmetric hyperbolic system of equa- 
tions for the components j^(abcd)i vab and of the spinorial field 4'abcd- 

7.5 The decomposition of the physical Cotton- York tensor 

In vacuum spacetimes the physical Cotton- York tensor Yijk vanishes. Thus, it does not appear 
in the Bianchi equations (|15ep - (jl8b|) . In the case of trace- free matter Yijk is, in general, non- 
vanishing and carries information about the physical fields in both equations ()15ep and (|18b|) . 
The field Yijk can be written in terms of unphysical variables as: 

Yijk — ^ [i^j]k 



= (yiiT]]k + '^b[iTj]k - '2f[iTj]k - gk[iTj]mg"''^bn^ 



Substituting equations (1501) and (I52p . recalling that r]AA'BB' — (ab^A'B' is the spinorial counter- 
part of rjij and assuming that ipAA'BC — '^aa'4'bc i-e. loaa'BC — one obtains 

YaA'BB'CC ~ \Q'^{i^AA'BC't>B'C' + AA' B' C 't'BC " "055' AC^A'C " BB' A' C AC 
+ {ibAA' - 2fAA')4'BC(t>B'C' - {ibBB' - '2.fBB')4'Ac4'A'C' 
~^CA^C'A'4>BE<t)B'E'b^^ + ec B^C B' 4>Ae4>A' E'b^^ )■ 
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From the latter one readily finds that 
Yabcc = ^Yaq'b^ cc, 

= \&^{i'{A\Q'\B)c4''^' C' +<Pc{Ai^B)Q''^' C' + iQ'^(t)C{AdB)Q'(P' C' 

-'^<Pc(AfB)Q'¥^ C - ^CiA(t>B)E4>C'E'b^^ )■ 

The corresponding unprimed version Yabcd can be written entirely in terms of (pAB, 4'ab-' ®' ® 
and dAB, by recalling that 

4>A'B' = T^A'T^B'(t>AB- 

These explicit expressions will not be required in the subsequent discussion. Important to note is 
that due to the presence of an overall factor of in Yabcc , the term Q^^Yabcd in equation 
(H71) is formally regular at the points where = 0. 

7.6 Behaviour of the field variables and the zero quantities under gauge 
changes 

Before discussing the structural properties of the reduced conformal Einstein-Maxwell equations 
in Section [8] and the propagation of the constraints in Section |9] we would like to briefly highlight 
the topic of gauge choice and gauge invariance. The field variables and the zero quantities that 
have been introduced in previous chapters have all been defined for a specific choice of Weyl 
connection V, metric g^^, frame {ck} and spinor dyad Sa related by ([7]), (|S]), (pb| . 

Implied in their definitions are the transformation rules under gauge change. These rules have 
either been explicitly given - e.g. (jllbp . (|49p . (|53)) - or can be derived directly from these rules 
and the extended conformal field equations (|16p . Therefore we refrain from listing them again. 

However we would like to highlight that as a particular consequence of these transformation 
rules, it follows that the various zero quantities defined in earlier chapters are conformally covari- 
ant. Thus if they vanish in one gauge they will also vanish in another. This will be used in the 
discussion of the propagation of the constraint in Section [9] 

8 Structural properties of the reduced conformal Einstein- 
Maxwell equations 

We summarise the analysis of Sections |6] and [7] in a form suitable for the applications that will 
be given in the sequel. 

We introduce the notation 

= {(/^abcd) , 
^ = {iPabcd) , 

where it is understood that v, (p, ip and contain only the independent irreducible components 
of the respective spinors. Let also 

U= (■U,</),V3,l/)) 

In terms of these quantities the propagation equations ()44ap - (|44dp can be written as: 

drv = Ku + Qiv, v) + Tl{(p, ip) + T(0, i>, v) + Lc^, (62) 

where K denotes a matrix with constant coefficients, Q{v,v), Il{cp,ip) bilinear vector value 
functions with constant coefficients and T(^, ip, v) a trilinear vector valued function with constant 
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coefficients. On the other hand, L is a linear matrix-valued function with coefficients depending 
on the coordinates. Equations (|47|) . (f56| and (j60a|) - ()60c|) can be written in the form 

(V2E5X5 + Af,,,) 9,0 + A^,,dr_(t> = B{v)4> + M{^p, <p) + N{<p, (63a) 
(\/2E3x3 + Af^g) dr<p + A^^^dr'P = Civ)^, (63b) 
(V2E9X9 + Af^g) ^r^p + A^^gdrip = B{v)xP + U{v, + Y{v, cj)) + W{v, V, ct>), (63c) 

where -Eaxs, E^x5j -E'sxs denote, respectively, the 3 x 3, 5 x 5 and 8x8 identity matrices, while 
A|j^3, ^1x5, ^tx9i s = 0, . . . , 3 are 3 x 3, 5 x 5 and 8x8 Hermitian matrices depending on the 
coordinates. On the other hand B(i;), C{v), D(u) denote constant matrix- valued linear function 
of the entries of v, while 'M.{ip,cp), N((p, y), XJ{v,(p), V(u, 0) denote bilinear functions with 
coordinate dependent coefficients. Finally, W(u, v, 0) is a trilinear function. The Hermitian 
matrices 

V2E3X3 + Af^3, %/2E5 XS+Ag^g, y2E9x9+Ag^g 

imply real symmetric matrices if one decomposes the entries of cf>, <p and ■0 into real and imaginary 
parts. Hence, ((62)) and (I63ap - (I63cp give rise to a symmetric hyperbolic system for u. 

9 Propagation of the constraints 

In this section we show that the conformal constraint equations propagate by virtue of the con- 
formal evolution equations, thus implying a solution to the whole conformal field equations. More 
precisely. 

Lemma 4. Let V be an open subset of S and let U be an open neighbourhood in S x [0, oo). 
Assume that the unknowns (v, 0, <p, "0) given on hi represent a smooth solution of the reduced 
equations (|62p . (j63a|) . (j63bp and (j63cl) for data on V satisfying the Einstein- Maxwell conformal 
constraint equations. Let g^^ be the metric for which the frame obtained from the unknowns v 
is orthonormal and let 2?+(V) d U be the future domain of dependence of V with respect to g^^,. 
Then the conformal Einstein-Maxwell field equations 

i^AA'^^ CC ~ 0, 'E.ABCC'DD' = 0, AaA'BB'CC — 0, AaA'BBCC = 0, 
I^A'A — 0, iOAA'BC — 0, UJAA'BB'CD — 0, 

are satisfied on'D^{V) by the fields {v,<p,ip,xp). Furthermore, the metric 
is a solution to the (physical) Einstein- Maxwell field equations on 

{pe2?+(v)|e(p)^o}. 

The proof of this result follows a combination of the techniques discussed in fT] and in [8] . We 
divide the proof in several steps. In order to ease the presentation, in the subsequent discussion we 
will use tensorial notation whenever possible. The discussion of the propagation of the constraints 
follows the lines of the arguments given in [71 [S] . This argument requires long computations to 
obtain a complicated system of subsidiary equations for the various zero quantities involved in 
the extended conformal field equations. Since the argument is not particularly illuminating and 
for the sake of the presentation, we follow the spirit of previous sections of the article and present 
a schematic description of the procedure. In addition, we provide an alternative argument for the 
propagation of the constraints based on the local existence results of [?]■ 

(a) Propagation of the constraints as a consequence of the subsidiary equations. 

In the subsequent discussion it will be assumed that the reduced conformal field equations 
are satisfied. Furthermore, it will be assumed that the gauge conditions p4l) hold. 
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We define the following zero quantities associated to the conformal gauge: 

Sk = bk — fk — ^k, 

= Plij] - V[,/j] - ^S[,j]''''fkfi, 

where is given by the matter model under consideration. Under the assumption that 
equations (|35)) -(|36 | and p4)) are satisfied, a computation along the lines discussed in [8] 
shows that 

drSk 
drlij 

where H^^ is an homogeneous expression in the zero-quantities dk, ^ij, ^ij and S^^,; i/^J' is 

an homogeneous expression in 7^-; finally i?]^' is homogeneous in 'Bl^uj. The explicit form 
of the source terms in the above equations and the evolution equations for the other zero 
quantities to be discussed in the sequel will not be required in the following discussion. 

The discussion of the propagation equations for the zero quantities S^-'fe, "^^uj and A^jj 
follow the model of equation P5)) discussed in Section [^751 In this case a lengthy computation 
shows that 

^T^i"' k — ^i^ k^ 

■^r^ lij — ^ lij 7 

^T^kij — ^ kij 7 

where H^^\^ k is a homogeneous expression in the zero-quantities S^j, and "^^uj] H^^^^uj is 
an homogeneous expression on the geometrical equations zero-quantities S'^zy , Afey, Ei^fe, 
Kkij and the gauge zero-quantity 5k'; finally H^^^kij is homogeneous in the geometrical 
equations zero-quantities Akij, ^iki ^kij, the gauge zero-quantities ^ij and 5k, and the 
tensorial counterpart of the spinorial matter zero-quantities Cja'A, ujaa'bc, ojaa'bb'CD- 

The construction of a propagation equation equation for the Bianchi equation K^ij is slightly 
different. Following the discussion in [8] one considers the quantity V^Kkij- A lengthy 
manipulation using the definition of Kkij and symmetries of the Weyl tensor shows that 

where depends homogeneously on the geometrical zero-quantities S'^/y , Si-' k , the gauge 
zero-quantity Qj, and the tensorial counterpart of the matter zero-quantities uja'A, '^aa'BC, 
i^aA'BB'CD- Now, the spinorial counterpart of V^kkij is given by VPP'kp 

'PBC- A space- 

spinor decomposition shows that the components of kA'ABC satisfy a symmetric hyperbolic 
equation. In particular, for the Bianchi constraint one has that 

Vkp^AB - V'^(Akp''B)Q = H^aI 

where -ff]^ has the same dependence on zero-quantities as H^^^ . 

Finally, for the constraints associated to the matter equations (the Maxwell field) one has 
that an analogous procedure to the one described in [7] renders also symmetric hyperbolic 
equations for the components of loa'A, i^aa'bCi '^aa'bb'CD which are homogeneous in the 
matter zero-quantities themselves and in the geometric zero-quantities. 



= H 



[S] 



= H. 



[7] 
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Summarising: in the gauge ([38|) and as a consequence of the reduced equations the geomet- 
rical zero-quantities 

^^AA'^^ CC, ^ABCC'DD' , AabCC , ^A'ABC, 

together with the MaxweU zero-quantities 

<^A'A, I^AA'BC, (^AA'BB'CD 

and the gauge zero-quantities 

6aA', lAA'BB', ^AA'BB' 

form a symmetric hyperbohc system which is homogeneous in the zero quantities themselves. 
Accordingly, if the zero-quantities vanish on V C 5, then the zero-quantities vanish on 
I?+(V). Hence one has a solution to the conformal Einstein- Maxwell field equations of 
V+{V). 

An alternative argument for the propagation of the constraints. 

An argument involving less computations to prove the propagation of the constraints can 
be obtained by directly exploiting the local existence results of [?]• In what follows we 
consider the extended conformal field equations (|20a|) - (l20dp in an arbitrary gauge. We 
notice that if one sets Jaa' = in these equations, then from equation (jl7bl) it follows 
that dAA' = and hence, the arbitrary Weyl connection V reduces to the associated 

Levi-Civita connection V. In order to obtain the full correspondence with the conformal 
equations of [7] one has to prescribe equations for the conformal factor Q and the 1-form 
dAA> ■ The relevant equations are given by 

^AA'd-BB' = ^AA'^BB'Q = -QPaA'BB' + seAB^A'B' + ^QTaA'BB', (64a) 

Vaa'S - -Paa'bs'V^^'G + if^A'SB'V^^'e, (64b) 
6es^dpp,d^^' = ~X. (64c) 

with 

Equations (|64ap - (|64cp arise from the transformation rule for the Schouten tensor under 
conformal rescalings and from the definition of s. It should be noted that these equations 
are not required in the particular type of hyperbolic reduction considered in this article as 
both 8 and dAA' are fixed by the gauge of Section [5?3l — the generalised conformal Gaussian 
systems. 

From the theory in [7j one has that given initial data satisfying the conformal constraint 
equations on V C 5, there exists W C 2?+(V) in which the "standard" conformal field 
equations are satisfied. In particular, this implies the existence of a physical spacetime with 
metric g^i^. The solution constructed by the procedure of [7] is unique up to conformal 
rescalings, coordinate transformations and a choice of frame. For the subsequent discussion 
we denote the conformal factor, metric and associated Levi-Civita connection thus obtained 
by 6, g^tiy and V. The metrics g^jjy and g^i, are related via 

Now, consider on V C 5 initial data for the V-version of the equations (|24ap - (|24bp to 
construct a timelike congruence of conformal curves. It follows from standard theorems on 
the existence of ordinary differential equations that given a set of initial data for these curves, 
one can always find a smaller subset W" C W such that the congruence is free of conjugate 
points. Thus, through every point p (z W we have a unique conformal curve starting on 
V. In particular, one can choose initial data for the congruence so that one obtains a 
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generalised confornial Gaussian system like the one described in Section [5l The solution to 
the V-version of the conformal curve equations gives a 1-form 6^ on W'. Furthermore, recall 
that given initial data on V one can construct a preferred conformal factor 13 by solving the 
appropriate version of equation ((28)) : 

15 = I3{b,v). 

In particular, one may choose as initial data 15* = 1 on V. This choice connects the metric 
5^1/ with the unique metric 5^1, for which the tangent vectors v^^ to the congruence of 
conformal curves are taken to be orthogonal to S and satisfy 

g{v,v) = 1. 

One can use b and 15 to construct a Weyl connection V = V + S{b) and the associated 
Levi-Civita connection V = V + S'(L5^^d?J). 

By construction, the standard conformal field equations, and hence the extended conformal 
field equations, are satisfied in the gauge of the connection V. As observed in Sections I3I4I 
and [7] the zero quantities used in the formulation of the extended conformal field equations 
are conformally covariant. Thus, if the extended conformal field equations are satisfied 
in the gauge V, then they are also satisfied in that given by V. As a consequence, the 
reduced conformal field equations associated to the constructed congruence hold. Since the 
solution to the reduced conformal field equations is unique, it follows that using the above 
initial data one must obtain the same solution for (j62p . (j63ap . (j63bp and (|63c[) as the one 
constructed above. In particular, one can finally conclude that the constraint equations 
must be satisfied throughout VV". 

(b) A solution to the conformal Einstein-MELXwell field equations implies a solution 
to the physical Einstein-Maxv^rell field equations. 

Assume now that on U one has a solution to the extended Einstein-Maxwell conformal field 
equations — that is, 

'^AA'^^ CC = 0, '^ABCCDD' — 0, A.AA'BB'CC = 0, ^A'BCD — 0, 
I^A'A = 0, UJAA'BB'CD = 0. 

Assume also that the additional zero quantities satisfy 

I^AA'BC = 0, SaA' — 0, JAA'BB' = 0, '^AA'BB' — 0. 

The solution to the reduced conformal field equations provides, in particular, fields 

BAA', JaA' i^AA'^^ cc On U , 

where in this discussion the 1-form /aa' is defined via 

Jaa' = ^AA'^Q- 

as f^AA'^^ cc — 0. The connection coefficients Taa'^^ cc give rise to a torsion- free 
connection V. Motivated by the relation ([7]) one can use the frame baa' and the frame 
metric riAA'BB' = ^ab^A'B' to construct a metric g^^. By construction CAA'i^co) = so 
that 

VaA'CCD = AA''^ Q^CD = —fAA'^CD, 

which is the spinorial counterpart of 



A- 



Thus, V is a Weyl connection for the metric 5^11/. Motivated by (fT2|). one defines the 
connection V with connection coefficients 

CC — CC Q cc'pp' f 

L AA' BB' — ^ AA' BB' — oaA'BB' JPP' ■ 
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then 

V A A' ecu = Oi 

so that ^ ^gu\ = — that is, V is a metric connection. Using the invariance of the torsion 
under change of connection — cfr. equation (jl3l) — it follows that V is torsion free. Thus, 
because of uniqueness, V must be the Levi-Civita connection of Qp,^- 

Now, from 

'^ABCC'DD' = rABCC'DD' — RaBCC'DD' = 0, 

the fields Paa' b b' and 4>abc d onU obtained as a solution of the reduced conformal field 
equations can be identified, respectively, with the Schouten and Weyl spinors of the Weyl 
connection V — recall that the decomposition in terms of irreducible components is unique. 
Due to conformal invariance, the Weyl tensor of the Weyl connection V is also the Weyl 
tensor of the Levi-Civita connection V. 

Motivated by the rescaling ([2]) we use the transformation rule (l9a)) to define a physical 
connection V. From Saa' = one has that 

bAA' = '^AA' + JaA' , 

and accordingly V is the Levi-Civita connection of the metric = Q^^g^^^. Using the 
transformation rule (llObp one finds that the physical Schouten spinor is given by 

PaA'BB' = PaA'BB'+'^ AA' {IbB' + ^ BB') + \S^^ AA'BB' ifpP' + Tpp') (/qQ' + Tqq') . 

Note that since <^aa'BB' — 0, one has that 

Paa'bb' — Pbb'AA' = 0, P[y] = 0. 
Furthermore, from ^aA' bb' = one finds that 

Paa'bb' = ^Taa'bb', Pi] = (65) 

From the field equations lja'A = 0, Cjaa'bb'cc — and the constraint uiaA'BC = 0, one 
has that 4>ab satisfies the physical Maxwell equations. Thus, Taa'BB' defined by 

TaA'BB' = (j'AB't'A' B' , 

is the energy momentum tensor of the Maxwell field and the equations given in (|65p are 
equivalent to the Einstein-Maxwell field equations. 

10 A first application: stability of Einstein-Maxwell de 
Sitter-like spacetimes 

The use of a gauge based on the conformal curves described in section [5] allows to directly 
transcribe the analysis of the conformal boundary for vacuum de Sitter-like spacetimes to the 
case of Einstein-Maxwell de Sitter-like spacetimes. 

For the Sittcr-like spacetimes one can formulate two slightly different Cauchy initial value 
problems: one where initial data is prescribed on a standard Cauchy hypersurface, and a second 
one where the data is prescribed on one portion of the conformal boundary — say, past null infinity. 
The de Sitter-like spacetimes that will be considered have Cauchy slices with the topology of S^. 
The construction of suitable coordinate systems and a frame vectors this type of configurations 
has been discussed in detail in [ini [T7] . 

10.1 Structure of the conformal boundary 

Following the general ideas of [16], here we present a brief discussion of the structure of the 
conformal boundary of de Sitter-like Einstein-Maxwell spacetimes. 
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10.1.1 standard Cauchy problem 

If the initial hypersurface 5 is a standard Cauchy hypersurface one has that 
for some 8* 7^ 0. The conformal factor vanishes at 



-2e,(d, v)^±2e^^J\2X + gi{d, d),\ 
~ 2A + .g«(d,d)* ' 

One has then that 

.y^ = {t±} X S. (66) 
Furthermore, Vfc9V'^'6 — — 2A, so that both components of null infinity are space-like. 

10.1.2 Cauchy problem on past null infinity 

In the case of an initial value problem prescribed on null infinity, one has that 0, = so that 
Combining (|64cp and Lemma [3] one finds that g'^{d, d)^ — — 2A and, if one sets d^ = (V9),, that 



dkir) - ( V-2A + e*r, 0,0,0 

The conformal factor vanishes at 

J^^" = {r = 0} X 5, J^^+ = |t= -2e*/e,} X 5. (67) 

Note that the location of is determined by the free data G)*. 

10.2 Stability of Einstein-Maxwell de Sitter-like spacetimes 

Combining the a priori knowledge on the structure of the conformal boundary discussed in the 
previous sections with the structural properties of the reduced equations , (|63al) , (I63b|) , (|63cp 
discussed in Section [H Lemma |4] on the propagation of the constraints, and Kato's existence 
and stability theorems for symmetric hyperbolic systems |131 114[ 115] one obtains the following 
existence and stability result for de Sitter-like Einstein-Maxwell spacetimes. The proof is identical 
to that in [121 HZ] and it is omitted. Let in what follows u denote the solution to the reduced 
equations (15^ . (|63al) . (|63bl) . (|63cl) corresponding to the (vacuum) de Sitter spacetime. 

Theorem 1. Let Uq = Uq+Uq be Einstein- Maxwell Cauchy (standard or at past null infinity) data 
for a de Sitter-like spacetime. There exists e > such that if uq is sufficiently small, then there 
exists on [t_,t+] xS a unique smooth solution u = u-|-ii to the conformal propagation equations 
(j62p . (|63ap . (j63bp . (I63cp such that the associated congruence of conformal curves contains no 
conjugate points in [r_,T_(-]. The field u implies a smooth solution to the Einstein-Maxwell field 
equations with positive cosmological constant for which the sets J'^ defined by (j66p — in the 
standard Cauchy problem — or by ([S7)) — in the Cauchy problem with data at null infinity — 
represent past and future null infinity. 

Remark. Note that this stability result for Einstein-Maxwell spacetimes is given with respect 
to a vacuum reference spacetime. 
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11 A second application: stability of Einstein-Maxwell ra- 
diative spacetimes 



As a second example of our approach, we obtain a generalisation of the stability results for purely 
radiative spacetimes discussed in . In contrast to the stability proof for de Sitter-like Einstein- 
Maxwell spacetimes, in this case the reference solution has a non- vanishing electromagnetic field. 
For the sake of conciseness most of the technical details are omitted and we only remark on those 
aspects of the analysis that differ from the treatment for vacuum spacetimes given in [17j . 



11.1 Einstein-Maxwell initial data sets with vanishing mass 

In what follows, a static solution to the Einstein Maxwell solutions (an electrostatic solution) will 
be understood to be a triple (/la^, $, ^'), solving the electrostatic field equations. The (negative 
definite) Riemannian 3-metric hap is the metric of the quotient manifold, and $, denote, 
respectively, the gravitational and electric potentials. Any static, asymptotically flat solution to 
the Einstein-Maxwell equations admits an analytic compactification of a neighbourhood of spatial 
infinity i — see [20l. The triple (/ia^,$,^) can be suitably rescaled to render another triple 
{hai3, ^, ^') which is analytic in a neighbourhood Ba{i) and solves the conformal electrostatic field 
equations. Any such triple gives rise to a solution (hap, Q, Ea) of the (conformally rescaled) time 
symmetric Einstein Maxwell constraints 

DaE°' = 0. 

with vanishing mass and charge — here D and f denote, respectively, the Levi-Civita connection 
and Ricci scalar of the metric hap] the tensor Ea is the electric field. From (hap,^, Ea) one 
can construct initial data for the extended conformal field equations. In particular, data for the 
Schouten and Weyl tensors are given, respectively by the expressions 

P^f) = -Cl'^C (DaDpCl) - Cl^C (EaEp) + (f-2n^EaE°' - 8n^/'^DaD"{n-^^^)j hafi, 
dap = Cl-'^CiDaDpCl) + Cl'^Cifap) + nC{EaEp), 

which can be shown to be analytic in Ba{i). In these last expressions, C denotes the trace- free 
part of the tensor in parenthesis. 



11.2 Construction of a reference radiative Einstein-Maxwell spacetime 

Let {hap, Ea) on S be one of the solutions to the time symmetric conformal constraint discussed 
in the previous subsection. For the present purposes it will be convenient to consider a conformal 
factor n which is negative — this obtained by making the obvious sign changes in the relevant 
equations. By construction f2 satisfies the following asymptotic flatness conditions: 

n<OonS\i, n{i)^0, DA^{i)^0, DADB^{i)^2hAB{i)- (68) 

We work in a suitably small neighbourhood, Ba{i) C S such that all the statements made in the 
sequel make sense. We use the coordinates x'^, = I, 2, 3 centred at i and consider the following 
initial data for a congruence of conformal curves: 

f, =0, x^'^n^', Q^^Q, 6, = 0, J, = ej, = (dO),. (69) 

The coordinates x"^ are extended off S by dragging along the congruence of conformal curves to 
obtain generalised conformal Gaussian coordinates. It can be readily verified that > on S. 
It follows that along each conformal curve the conformal factor Q is given by 

e(f) = n+i§,f2=17(l-— ), Lu = J^, ui{i)=0. (70) 
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Define now the confornial boundary, J^, in a natural way as the locus of points in the development 
of the data on S for which G) = and d8 7^ 0. It is easy to see that a conformal curve with data 
given by (|69|) passes through whenever f ~ ±<D. 

Having located the conformal boundary for the evolution of data on Ba{i) for the Einstein- 
Maxwell system, one can discuss now the existence of solutions to the propagation system given 
by (f62|) . (|63a|) . (I63bj) . (|63cp . For this we extend the data on Ba{i) to data on the whole of 5 ~ S"^ 
in the way discussed in [SI [11]. Using the same methods as in [T7] and Lemma [Done obtains the 
following local result: 

Theorem 2. Given radiative data for the conformal Einstein- Maxwell equations, there exist a 
Tq > and on A4 = [—TqjTq] x S a unique smooth solution u to the propagation equations 
(|62p . (|63ap . (|63b[l . (|63cp . The solution u implies a solution to the conformal Einstein- Maxwell 
equations on 

M = MCM-(i)<zV{Ba{i)). 

The spacetime {Ai\^,g^u) implied by the solution to the conformal Einstein- Maxwell field equa- 
tions is conformally related to an Einstein-Maxwell spacetime spacetime, {M. \ ^ ,&~^g^^), with 
vanishing cosmological constant. The spacetime {A4 \ J^, Q~'^g^Lv) is a radiative spacetime for 
which the set corresponds to its future null infinity, while the point i+ = (0, i) G {0} x S is 
its future timelike infinity. 

The conformal afiine parameter f defines, in a natural way, a foliation of the manifold A4. 
Let St denote the surfaces of constant f. For fixed f one has that Sf is diffeomorphic to S"^. Let 
To € (0,To) and define 

5o = {-fo}x§3^ Z = {peSo\e^O}. 
The set Sq intersects null infinity in a hyperboloidal way. Furthermore, let 

H = {peSa\e > 0}. 

Define 

T = f + fo, e(r) = e(r-fo) 

so that T = on (So and 

e,.). o ((1- 1) +2|. --!."), 

The initial value of O on Sq will be denoted by f2. It can be verified that is a boundary defining 
function. In what follows, let 

u{t,x) EE u(t - fo,x). 

The following is an obvious corollary of theorem [2] — for details of the proof see the analogous 
construction in [16 . 

Corollary 1. The field u(t,x) implies hyperboloidal data on % for the conformal Einstein- 
Maxwell field equations. 

11.2.1 Structure of the conformal boundary 

We consider now hyperboloidal data which is "close" in some suitable sense to the hyperboloidal 
data given by corollary [TJ Using analogous arguments to the ones used in [T7] one can prove the 
following result. 

Proposition 1. Given a radiative electrovacuum hyperboloidal initial data set (Ji, h^p, Kai3,^) 
sufficiently close to a reference radiative electrovacuum data {Ti, hap, Kap, (l), there exists a choice 
of initial data for the congruence of conformal curves such that the conformal factor Q is given 
by 

e = + e*r + e*r2, (71) 
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with 

e*=fl, e* = (d,eo), 2nQ = g\d,d)^. 

Furthermore, if the point i+ = (—17/0^,0,0,0) is contained in the development of the initial 
data, then it is the unique point at which the conformal factor O satisfies the (timelike infinity) 
conditions 

O(i^) = 0, dQ{i^)—0, Hess Q{i^) non-degenerate. 

As it is customary, let (null infinity) denote the set of points for which 9 = where the 
conformal factor is given by ([7T|l . 

11.2.2 A stability result for purely radiative spacetimes 

The information about the conformal boundary of a hypothetical radiative Einstein-Maxwell 
spacetime arising from hyperboloidal data which is contained in Proposition [1] allows to readily 
obtain a stability result for a spacetime belonging to the class arising from Theorem [2] The proof 
of the following result is similar to that in jT7] — see also[6l [T6]. 

Theorem 3. Let Uq = Uq + Uq be hyperboloidal initial data for the Einstein- Maxwell conformal 
field equations. Given r_|_ = —17/0, and if uq is sufficiently .small, there exists on [0,fo] x S a 
unique solution u = ii + ii to the (reduced) conformal propagation equations (|62p. (|63ap . (j63bp . 
(|63cp .such that the associated congruence of conformal curves contains no conjugate points in 
[0,T+]. The solution u = u + u on 'D~^{S) implies a smooth solution (A4,g) to the electrovacuum 
Einstein field equations with vanishing cosmological constant, where g^n = Q~^g^v with Q given 
by ([TT]) . The spacetime (A^ , g) has a conformal boundary given by the set of points for which 
= 0. The conformal boundary consists of the set ^ , which represents future null infinity, and 
the point i+ = (t+, 0,0,0), which represents timelike infinity. 

Remark. The purely radiative spacetimes used as reference solutions in our analysis are not 
perturbations of the Minkowski spacetime. A way of seeing this is to consider the Newman- 
Penrose constants of the spacetime. The Newman-Penrose constants are a set of absolutely 
conserved quantities defined as integrals of certain components of the Weyl tensor and the Maxwell 
fields over cuts of null infinity — see [THl [H] and [T] for the Einstein-Maxwell case. In [T^] it has 
been shown that the value of the Newman-Penrose constants for a vacuum radiative spacetime 
coincides with the value of the rescaled Weyl spinor at i+ — this result can be extended to the 
electrovacuum case using the methods of this article. For the radiative spacetimes arising from the 
construction of ^20. it can be seen that the value of the Weyl spinor at i'^ is essentially the mass 
quadrupole of the seed static spacetime. It follows, that the Newman-Penrose constants of the 
radiative spacetime can take arbitrary values. On the other hand, for the Minkowski spacetime, 
the Newman-Penrose constants are exactly zero, and those of perturbations thereof will be small. 
Thus, in this precise sense, our radiative spacetimes are, generically, not perturbations of the 
Minkowski spacetime, unless all the Newman-Penrose constants vanish. 
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